Abstract. This paper presents a convergence analysis for the finite-element approximation of unilateral problems in plane linear elastostatics.
1. Introduction. This paper presents a convergence analysis for the finite-element approximation of a class of unilateral problems in linear elastostatics, which were initiated by Signorini [17] over fifty years ago. In particular, we address the most interesting case from the view of applications and the most delicate case from the view of mathematics where the linear-elastic body which is supported by a rigid foundation is only subjected to body forces and surface tractions, but is not fixed along some part of its boundary. As shown by Fichera [4] and Stampacchia [18] , the existence theory of these semicoercive Signorini problems hinges in the frictionless case upon the mechanically illustrative condition that the applied forces should form an obtuse angle with the "directions of escape," i.e., the rigid body motions defined by the geometry of the foundation. Here we prove that this condition, which renders the semicoercive Signorini problem mechanically definite, is also sufficient for the convergence of finite-element approximations with respect to the energy norm. For this convergence result no regularity assumption concerning the solution of the continuous problem is needed. Furthermore, by adapting and extending the discretization theory of Glowinski [5, 6] , the finite-element approximation is not restricted to piecewise linear trial functions, but trial functions of higher polynomial degree are also included. Finally, as a first modest step towards the more realistic but difficult analysis of friction phenomena, we turn to Signorini problems with given friction along the rigid foundations and in addition investigate the discretization of the friction functional using different quadrature rules.
Thus we complement and extend the convergence analysis given by Hlavacek, Haslinger, Necas, and Lovisek [9] , Kikuchi and Oden [12] , Kikuchi and Song [13] , and Tran Van Bon [19] in several respects. For further background information concerning semicoercive Signorini problems and related problems in mechanics, respectively the numerical solution of these constrained optimization problems and variational inequalities, we also refer to Duvaut and Lions [2] and Panagiotopoulos [16] , respectively to Glowinski, Lions, and Tremolieres [7] As we shall see later, these assumptions can be satisfied in Sobolev spaces in virtue of the Rellich embedding theorem. Now the existence of a solution u to the variational problem (n) can be guaranteed (see [11, Sec. 5.3 (12) ] in the more general framework of pseudomonotone operators) if the following additional assumption is met:
(A2) Y n K = {0} or A = AI + A2 satisfies the two conditions 3Cj > 0 such that A[(v) < C,|w| VveV; (2.5)
It is just the latter condition (2.6) which will later be given a mechanical interpretation, when applied to the frictionless contact problem, where (f) = 0.
We adapt the discretization scheme of Glowinski [5, 6 , Chap. 1] to our variational problem (n) and suppose that we are given a parameter h converging to 0 and a family {Vh}h>0 of closed finite-dimensional subspaces of V. In addition, we have a family {Kh}h>0 of closed convex nonempty cones of Vh , not necessarily contained in Kh . Analogously to (2.1), the optimization problem (nh) can also be formulated as a variational inequality: Find uh e Kh such that
By the existence theory in the infinite-dimensional case, solutions u to (n ) also exist.
Note that we only changed the generally nonlinear functional <f> to <j>h . In most computations, however, it will be necessary to also replace /? and A by some aph h proximations /? and X , defined by a numerical integration rule which is used in the finite-element discretization. Since there is nothing new compared to the case of linear elliptic boundary value problems and variational equalities, to be found e.g. in the book of Ciarlet [1, Chap. 4 .1], we do not discuss this aspect here. Now we can state and prove our basic convergence result.
Theorem 2.2. Let ft, X, <f>, K, {<j)h}h, and {Kh}h satisfy the conditions (Al), (A2), (HI), and (H2). Then there exists a subsequence {uhj} such that uhj -1 u and lim |uhj -u\ = 0, where uhj is a solution of (nh>) and u is a solution of (n).
If the solution u of (n) is unique, then lim^g \\uh -u\\ = 0 holds. Proof. We divide the proof into five parts. We first show a priori estimates for {uh}h before we can establish the convergence results.
(1) | • {-estimatefor {uh} . Since 0 e Kh and <&h(uh) < 0;,(0) = 0, by (2.3) and the nonnegativity of <f>h, we obtain
where || • ||* denotes the dual norm in V* .
(2) Norm-boundedness of {uh} . Here we modify a contradiction argument, which in the existence theory of semicoercive variational inequalities goes back to Fichera [4] and Stampacchia [18] . We assume there exists a subsequence {wj := {uh'} such that \\UfW -► +00 (/ -» 00). With := ||m/||_im/ in the reflexive Banach space V, we can extract a subsequence, again denoted by {yt}, that converges weakly to some y e V . In virtue of (2.9), we get IV/l'llM/ll < C,. I-►oo Ŝ ince ||u/|| is bounded and a continuous seminorm is a bounded functional, lu^ is bounded above, say by C3 > 0. Moreover, fi(u , •) is sequentially weakly continuous. Therefore using (HI) and (H2), (2.10) entails in the limit, for any v e M, 0 < lim sup m\ut -u |2 < MC3\v -u*| + (j>(v) -4>{u*) + A(u* -v).
l-*oo
The obtained inequality extends to K by density and continuity. Finally, the choice v -u* leads to the desired | • |-convergence.
(5) Convergence with respect to || • ||. Let u be the unique solution of (n). Assume there exists a sequence {uJ such that u{ is a solution to (nh') and ||w/ -u\\ > S > 0. By part (2), ||w/ -u\\ is bounded and therefore we can extract a subsequence, again denoted by {mJ, such that ut -u converges weakly to some w e V. By part (3), u + w solves (n), hence by uniqueness w = 0V . Moreover by part (4), |m/ -u\ -* 0 (/ -> oo). In virtue of (Al), there exists a subsequence {m/ }A.eN such that ||ut -u\\ -> 0 (k -» oo), and a contradiction is reached.
Q.E.D. Remark 2.3. Theorem 2.2 can be generalized in several ways. First, instead of assuming that the sublinear functional <f>h and thus also 4> are nonnegative it is enough to require that the family {<j)h} is uniformly bounded above on Kh in the sense that there exists a constant y > 0 such that
Then the a priori estimate (2.9) changes to y|«Y < (||A|f + y)\\u\\, which does not affect the rest of the proof. Further we can drop positive homogeneity and more generally consider arbitrary convex sets K, Kh and convex functional j, j . Then one has to work with the recession cone (or asymptotic cone) of K and with the recession functional of j, which enter the assumption (A2). For a result along these lines, where moreover the bilinear form ft is replaced by a more general monotone form, we refer to [8, Sec. 3.3] . Since we are interested here in the finite-element analysis of linear elastic contact problems, we confine ourselves to the present setting.
3. Finite-element approximations of contact problems without friction. Let us first introduce the variational formulation of Signorini problems without friction within the range of plane elastostatics, assuming Hooke's law and small deformations of a nonhomogeneous, anisotropic body. So let Qcl2 be a bounded plane domain with Lipschitz boundary T (T e C0,1 , see [14] ), occupied by an elastic body, and let x = (x,, x2) be a Cartesian coordinate system. Then n -{nl, n2), the unit outward normal to T, exists almost everywhere and n e [L°°(r)]" (see [ To conclude the preliminaries for our finite-element analysis we state an essential hypothesis, namely the density relation Arn[C°°(ft)]2 = K.
(3.9)
We note that due to Hlavacek, Lovisek, and Haslinger (see [10, Theorem 3.2]) (3.9) holds true in a polygonal domain ft (which we assume from now on for simplicity)
if there is only a finite number of "end-points" r5 n TN , rD n TN , D ro .
As a finite-element discretization of the not necessarily convex polygonal domain ftcl2
we choose a triangulation h of ft [1] , where as usual h > 0 denotes the length of the largest edge of the triangles A belonging to !Th . In the subsequent convergence analysis we consider a family of triangulations {!Th}h>0 for h -» 0, which is assumed to be quasiuniform, i.e., all the inner angles of all triangles of the triangulation family {J?rh}h are uniformly bounded below by some i50 > 0 as h-+ 0.
As an important issue of this paper we want to treat not only piecewise linear, but also piecewise quadratic and cubic finite-element approximations of V and K . To this end we introduce the space IT of polynomials in two variables of degree less than or equal to k (k = 1 , 2, 3), and the following finite point sets:
z'' = {P e ft : P is a vertex for some A e h}, = {P € ft : P is the midpoint of an edge of A e &~h), Zj = {P e ft : P divides an edge of A e .9~h by the ratio 1:2}, Remark 3.2. Nonhomogeneous boundary conditions as studied recently by Tran Van Bon [ 19] for the Poisson equation can be reduced by a superposition argument to homogeneous boundary conditions like Vn < 0, where the well-known finite-element approximation results for linear mixed boundary value problems are used. Another way to settle nonhomogeneous boundary value conditions is to extend the analysis to more general convex sets instead of cones as indicated in Remark 2.3. In this sense we extend the results of [19] under weaker assumptions to the elasticity equations.
Obviously the preceding Theorem 3.1 complements the results of [9, 10, 12, 13] by admitting the case FD = 0 and extends these results by considering piecewise polynomial approximations of higher degree than 1 . More precisely, the estimates (3.12) and (3.13) in the proof above show that the finite-element convergence holds which is satisfied for a finite number of end-points where the boundary conditions switch. As in Sec. 3, let {■^h}h>0 be a quasiuniform family of triangulations which are compatible with the decomposition of T into TD, , and . Moreover, the triangulations should be compatible with the definition of the boundary function g , which for simplicity we assume to be piecewise constant. For the polygonal boundary part Ts we have again rs = U^^*i].
'0 = 14-1.
(=1 and moreover g j (P., P(+1) = gt -const > 0. Using Kepler's trapezoidal rule, Simpson's rule, and Newton's pulcherrima quadrature rule, respectively, we obtain the following approximations of the friction functional <p :
l»,V,)l + l»,V,«)l) Vv" € K* ,
•P>*) = \JL S:\P,P, 
